Abstract: A spectral nodal method for energy multi-group X, Y-geometry, discrete ordinates (S N ) problems in non-multiplying medium is developed. This analytical coarse-mesh method is referred to as the multi-group spectral Green's function -constant nodal (SGF-CN) method. The SGF-CN method uses the multi-group SGF method for numerically solving the one-dimensional transverse-integrated S N nodal equations with constant approximations for the transverse leakage terms. As the energy-group transfer scattering source terms are treated analytically in the offered method, the only approximations occur in the group transverse leakage terms. Numerical results are given to illustrate the method's accuracy for coarse-mesh calculations.
Introduction
A considerable number of phenomena involving neutral particle transport in multiplying and in non-multiplying media can be understood within the deterministic framework of energy multi-group discrete ordinates (S N ) models. In the S N formulations of the particle transport equations in various geometries, the direction-of-motion variables are discretised into a set of distinct numerical values and angular quadratures are used to approximate the integrals in all angular directions (Lewis and Miller, 1993) . In addition, one conventionally considers an approximation of the energy-dependent S N problems, wherein the energy variable is also discretised. Discretisation of the energy variable is commonly performed by integrating over G energy groups, leading to the conventional multi-group S N model, in which the particle energy range is divided into G contiguous energy groups. As with the discretisation of the spatial variables, questions regarding efficiency of computer codes have motivated the development of coarse-mesh numerical methods for multi-group S N problems. By computational efficiency we mean reduced computer running time for fixed accuracy requirements. Among all the currently-known coarse-mesh methods applied to multi-group multidimensional S N problems, nodal methods are widely regarded as the most accurate (Walters and O'Dell, 1981; Lawrence, 1986; Azmy, 1988; Delfín-Loya et al., 2011) .
In this paper we describe the multi-group spectral Green's function-constant nodal (SGF-CN) method to numerically solve S N problems in X, Y-geometry in the energy multi-group formulation in non-multiplying media. The only approximations occur in the group leakage terms of the S N transverse-integrated nodal equations, which are approximated by constants.
An outline of the remainder of this paper follows. In the next section, we describe a spectral analysis (Dominguez et al., 2010) that we perform in the multi-group transverseintegrated S N nodal equations to determine the analytic local general solution within each discretisation node of the spatial grid set up on the rectangular domain. In Section 3, we present the offered multi-group SGF-CN method deriving the SGF-CN difference equations and then describing the one-node block inversion (NBI) iterative scheme to solve them. Numerical results are given in Section 4 and Section 5 gives a number of concluding remarks and suggestions for future work.
General solution of the transverse-integrated constant nodal equations
We begin by considering a spatial grid on a rectangular domain, where each discretisation node , i j  has width x i h and height y j h ( = 1: , = 1: i I j J ), as represented in Figure 1 . Now, on this node, we consider the multi-group , X Y -geometry S N equations with a uniform isotropic group interior source g Q and isotropic scattering , , ,
= 1: , = 1: .
The notation is standard (Lewis and Miller, 1993) :
is the group angular flux; 
and approximating the group transverse leakage terms by their node-edge transverse averages
and
,
we obtain the transverse-integrated S N nodal equations, which we write in the general form
where we have defined:
. We remark that we have dropped the subscript , i j to simplify notation. However, we should bear in mind that ,
i j x y   .
At this point we solve equation (6) 
Here the superscript h denotes the homogeneous solution component and the superscript p denotes the particular solution component of the local general solution.
To obtain the homogeneous solution component
we perform a spectral analysis of equation (6) 
.
By substituting equation (8) into the homogeneous equation corresponding to equation (6), we can write the result in matrix form as the eigenvalue problem
Here the square matrix 
( 1) , = 1: , = 1: , = 1: ,
meaning that we have ordered the equations by varying = 1: m M for each value of g ( = 1: g G ), to write the eigenvalue problem given in equation (9). By solving the eigenvalue problem (9), the homogeneous component of the local general solution appears as
where , =1:
, are arbitrary constants and = u x (or y )
Furthermore, spatially constant particular solution of equation (6) 
and the transpose of the MG -dimensional column matrix Q is defined by
Now we substitute equation (12) and the solution of (13) into equation (7) to obtain the closed form of the local general solution inside node ,
In the next section we describe a numerical method that preserves these local analytical general solutions for the x and y coordinate directions and uses continuity and boundary conditions to generate numerical solutions to energy multi-group S N problems in rectangular systems whose spatial grid is composed of many discretisation nodes.
The multi-group SGF-CN method
As we have mentioned, in the present multi-group SGF-CN method, the only approximations occur in the group transverse leakage terms. That is, the one-dimensional multi-group transverse-integrated S N nodal equations (6) for = u x and y are solved analytically with constant transverse leakage approximations. In this section we apply this concept in each node , i j  and describe an iteration scheme for solving problems on spatial grids consisting of many discretisation nodes. In other words, we describe a numerical method for equation (6) whose difference equations are exactly satisfied by the node-edge average and the node-average group angular fluxes corresponding to the local general solution given by equation (12) combined with the solution of equation (13).
Therefore, we consider the spatial grid as represented in Figure 1 and integrate equation (1) 
Here we have defined the group node-average angular flux ( , m g  ) which, for = u x in equation (6), is related to the multi-group node-edge average angular fluxes in the incoming directions and to the multi-group node-interior source and transverse leakages as
Equation (17) (6) with = u x have group node-average and node-edge average angular fluxes that for all values of l C satisfy equation (17). Therefore, we first evaluate the group node-average and node-edge average angular fluxes that correspond to the local general solutions given by combining equation (12), with = u x , and the solution of equation (13); then we use these in equation (17) by requiring that the result holds for all choices of l C . As a result, we find
Moreover, the constants ,
where we have defined
At this point we note that equation (19) , , , , =1: , =1: .
In conclusion, the multi-group spatially discretised S N balance equation (16) together with auxiliary equations (17) and (21) and appropriate continuity and boundary conditions form the multi-group SGF-CN equations. The SGF-CN equations are solved iteratively by performing "node-block inversions" as illustrated in Figure 2 for the SW to the NE transport sweep for the particular case of two-energy group S 2 model. That is, we use the most recent estimates for the incoming multi-group node-edge average angular fluxes for each node to completely solve the S N problem in that node and obtain estimates for the outgoing multi-group node-edge average angular fluxes that are used as incoming fluxes for the adjacent discretisation nodes of the spatial grid. To obtain the sweeping equations for the present multi-group SGF-CN method, we substitute the auxiliary equations (17) and (21) into the collision removal term and the scattering source term of the S N balance equation (16) in order to obtain the SGF-CN equations involving only multi-group node-edge average angular fluxes. Then, we explicitly solve for the outgoing multi-group node-edge average fluxes in one of the four transport sweeps, in terms of the incoming multi-group node-edge average fluxes and the multi-group interior sources. As a result, we write the sweeping equation in matrix form
where  G and  G are square matrices of order MG and Z is a MG -dimensional column matrix, whose entries depend on the multi-group node-interior sources. Equation (22) is used for the four transport sweeps: (i) from SW to NE; (ii) from SE to NW; (iii) from NE to SW; and (iv) from NW to SE, until a prescribed stopping criterion is satisfied.
Figure 2 NBI iterative scheme illustration
In the next section we consider two typical model problems to illustrate the accuracy of the present multi-group SGF-CN method for deep penetration problems.
Numerical results
Now we present numerical results to two fixed-source model problems using level symmetric (LQ N ) angular quadrature sets (Lewis and Miller, 1993) and stopping criteria requiring that the discrete maximum norms of the relative deviations between two consecutive estimates of the multi-group node-edge average scalar fluxes be no greater than a prescribed positive number ε.
The first test problem we present is illustrated in Figure 3 and simulates a two energy group version of the oil well logging problem considered in Azmy (1988) , Ullo (1986) , and Badruzzaman (1990 Badruzzaman ( , 1991 . The group macroscopic cross sections are listed in Table 1 , whose numerical values for the fast energy group (g = 1) are the same as the ones informed in Azmy (1988) . For the thermal energy group (g = 2) and for the group transfer cross section, the numerical values are offered in Table 1 . Table 1 Macroscopic cross sections for the material zones of model problem No. 1 Our first numerical experiment consists of estimating the absorption rate per unit length of the z-coordinate direction within the neutron detector region (Figure 3 ). To solve this problem, we use the two-energy group S 6 model in X, Y-geometry and, as reference results, we use the ones generated by the conventional fine-mesh diamond difference (DD) method with the source iteration (SI) scheme (Lewis and Miller, 1993) on spatial grid composed of 224 discretisation cells in the x direction and 256 cells in the y direction. Table 2 displays the group absorption rate densities (D g , g = 1, 2) in the neutron detector region of Figure 3 . As we see, for fine spatial grids, the relative deviations of the detector responses, with respect to the finest grid DD reference results, are less than 1%. As the spatial grids coarsen, the numerical results deviate from the reference results to the point that the DD method generates negative number for D 1 . On the other hand, the present SGF-CN method generates numerical results that appear to be less sensitive to the spatial truncation errors. Also, the number of iterations for the SGF-CN method with the NBI scheme to generate results with relative deviations less than 1% was roughly four times smaller than the number of iterations for the DD method with the SI scheme to converge this problem with relative deviations also less than 1%, with the same stopping criterion, using As with the number of NBI iterations for the SGF-CN method, we note in Table 2 that, as the spatial grid coarsens, the number of iterations decreases significantly. Moreover, in the context of efficiency, we see that the offered SGF-CN code converged the solutions in shorter CPU time than the DD code for all spatial grids considered. Furthermore, if we consider a numerical experiment, wherein the numerical results for D 1 and D 2 should not deviate more than 1% from the reference results, we observe in Table 2 that these are generated by the DD method on the 112  128 spatial grid and by the SGF-CN method on the 56  64 spatial grid, with CPU running time approximately two times shorter than the DD code.
The second model problem, proposed in Benchmark Problem Committee (Argonne Code Center, 1972) , simulates a realistic shielding structure. This two-energy group test problem consists of a uniform isotropic neutron source stored in a highly absorbing shielding material. Figure 4 shows one-fourth of this structure. The source emits neutrons whose energy range has been divided into two energy groups, i.e., Q 1 = 6.5460  10 -3
and Q 2 = 1.7701  10 -2 neutrons/cm 3 sec. The macroscopic cross sections for the homogeneous domain are given in Table 3 . The numerical experiment is to calculate the neutron leakage , , 1/ 2, =1 >0
through the whole physical boundary on the right-hand side of the structure represented in Figure 4 , i.e., {( , )| = 133cm and 0 140 cm} x y x y   . We solved this problem using the present multi-group SGF-CN method with the NBI iteration scheme, level symmetric S 8 and S 12 angular quadrature sets (Lewis and Miller, 1993) , and the stopping criterion with ε = 10 -6 . This model problem has also been solved by TWOTRAN (Dias, 1980) , DOT-II (Dias, 1980) and ) (Otto, 1983) computer codes. and by the aforementioned three codes. According to Dias (1980) and Otto (1983) , the relative deviations of the TWOTRAN and DOT results with respect to the fine-grid solutions (TWOTRAN with 6804 discretisation nodes) were all greater than 10%. This is in contrast to the present SGF-CN results, for which the relative deviations were less than 5% for the S 8 model and less than 2% for the S 12 model. We remark that we used the same discretisation grid (756 nodes) as the one reported in the references. Table 4 also shows in the rightmost column that the number of NBI iterations to achieve the prescribed stopping criterion was equal to 9 NBI iterations for both S 8 and S 12 models. The fact that the offered SGF-CN method generated numerical results for , = 1:
the same spatial grid as TWOTRAN and DOT, with much smaller relative deviations with respect to the fine-grid results, indicates that the present multi-group SGF-CN code is more accurate. The reason for this numerical superiority is that the only approximation involved in the present multi-group SGF-CN method are the flat approximations for the group transverse leakage terms in the multi-group one-dimensional transverse-integrated S N nodal equations.
Concluding remarks
In this paper we have described the application of the SGF-CN method (Barros and Larsen, 1992) to energy multi-group, fixed-source, S N problems in X, Y-geometry with isotropic scattering. Based on the numerical results for the two model problems considered in the previous section, we conclude that the offered method is very accurate for coarse-mesh calculations, even though we have considered flat approximations for the group leakage terms in the transverse-integrated S N nodal equations. In the future, we intend to consider exponential (Mello and Barros, 2002) and linear (Dominguez and Barros, 2007) approximations for the transverse-leakage terms in the S N multi-group models, so as to improve the accuracy of the numerical results in coarse-mesh calculations. As mentioned earlier, the reason for the high accuracy of the class of spectral nodal methods for coarse-mesh S N deep penetration problems is that the only approximation involved is the approximation for the transverse leakage terms in the one-dimensional transverse-integrated S N nodal equations. Moreover, the use of the NBI scheme with the present SGF-CN method was much more efficient than the use of the SI scheme with the DD method, as the former generated accurate results in fewer iterations than the latter. A drawback of the offered multi-group SGF-CN method with NBI iterations is that the group node-edge average angular fluxes must be stored, whereas with the SI scheme, only the group cell-average scalar fluxes must be stored for isotropic scattering. Also the multi-group SGF-CN method, as described in this paper, requires fairly costly matrix calculations, before the beginning of the NBI iteration process. These are the solution of one (M  G)-order eigenvalue problem for each material zone of the domain, and the solution of (M  G) linear systems of order (M  G) for each region. In the future, we intend to alleviate these negative features by using acceleration strategies to the NBI scheme, besides implementing parallelisation architecture for both the solution of the eigenvalue problem for each zone and for the solution of the linear system for each region on independent processors. Beyond that, we are now investigating the accuracy and stability of a companion spectral nodal method based on response matrix discretisation, wherein no auxiliary equations, such as equations (17) and (21), are necessary (Silva et al., 2013) . We plan to report on them after they have been fully tested.
